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The expansion dynamics of bosonic gases in optical lattices has recently been the focus of an
incresing attention, both experimental and theoretical. We consider, by means of numerical Bethe
ansatz, the expansion dynamics of initially confined wave packets of two interacting bosons on
a lattice. We show that a correspondence between the asymptotic expansion velocities and the
projection of the evolved wave function over the bound states of the system exists, clarifying the
existing picture for such situations. Moreover, we investigate the role of the lattice in this kind of
evolution.
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I. INTRODUCTION
Since the first experimental realizations of Bose-
Einstein condensates [1], huge efforts have been devoted
to the study of ultra-cold bosonic atoms loaded into
magnetic-optical traps [2]. In these experiments the den-
sity profile after release from the magnetic trap represents
a key quantity. In the hypothesis of a ballistic, i.e., free,
expansion, the density profile can be easily related to the
momentum distribution of the initial quantum state.
In most situations, interactions play a key role and can-
not be neglected during the expansion. In particular, for
one-dimensional (1D) systems, this leads to a variety of
new interesting phenomena that might be predicted and
observed: the non-thermalization of a Lieb-Liniger gas
[3], the dynamical fermionization of expanding hard-core
bosons [4], the quantum distillation of double occupa-
tions [5–7] and the dynamical quasi-condensation of an
initial product state [8]. In particular, the latter consists
in the observation of the formation, during the evolution,
of two quasi-coherent matter beams and a momentum
distribution function peaked around two opposite values,
a very different behaviour from the one expected in the
continuum case [9]. It is worth mentioning that expan-
sion is a possible playground for the study of dynamical
properties of quantum many body models, such as, e.g.,
the dynamics of entanglement [10]. In the last years a lot
of attention has been devoted to these topics (see Ref. 11
for a review), among which we may recall the problem of
thermalization (or its absence) [3, 12] and the formation
of topological defects after the crossing of a critical point
by means of the Kibble-Zurek mechanism [13–18].
One of the most striking peculiarities of 1D many
∗Electronic address: luca.taddia2@gmail.com
body-models is the existence of a large class of potentials
that admit two-(pseudo)particle bound states. This is
the case both in the continuum, e.g., in the Lieb-Liniger-
Yang model [19], and for lattice models, such as spin
models, where magnons can bound as predicted by H.
A. Bethe more than eighty years ago [20], or interacting
fermionic systems, as pointed out by J. Hubbard himself
in his seminal work [21]. Most interestingly, as a conse-
quence of the discrete nature of the lattice, bound states
might exist not only for the attractive case, but also for
repulsive interactions, when they can become stable in
absence of dissipation, as it is the case when the system
is integrable [22]. In recent times, the possibility of ob-
serving bound states in a cold-atoms setup by means of
dynamical probes has drawn a lot of attention, both the-
oretically [23] and experimentally [24]. The existence of
a stable bound state is also the key ingredient for the
phenomenon of induced resonances which are at the ori-
gin of the BEC-BCS crossover effect in atomic systems
[25], in Fermi gases [26] as well for polar molecules [27].
Very recently, bound states have also entered the debate
about equilibration and thermalization [28].
For bosonic systems, the existence of bound states in
lattice models has been investigated theoretically and ex-
perimentally, both from a static [29–31] and a dynamic
[23, 24] point of view. They can, in principle, play an
important role in the expanding dynamics of a lattice
Bose gas: it is natural to expect that if the wave func-
tion of the system possesses a large projection over the
set of the bound states, the dynamics should be quasi-
stationary, and the expansion very different from a bal-
listic one. This projection is hard to study since, for a
non-integrable model such as Bose-Hubbard, the explicit
form of the bound-state eigenfunctions are in general an-
alytically not known. Still, the two-body problem might
be exactly solvable and therefore the study of the role
of the bound states should be, in that case, possible, in
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2order to get some hint about the many-body case.
In this article, we are going to investigate the dynamics
of two expanding bosons on a lattice, as ruled by the
Hamiltonian of the Bose-Hubbard model [32]:
Hˆ(U) = −J
L/2∑
j=−L/2
(
b†jbj+1 + b
†
j+1bj
)
+
+
U
2
L/2∑
j=−L/2
nˆj (nˆj − 1) (1)
where J and U are respectively the hopping and the on-
site-interaction coefficients, bj is a bosonic annihilation
operator and nˆj = b
†
jbj . Our work is motivated by the
experimental results of Ref. 7, where the authors studied
the expansion by means of the Hamiltonian (1) of an ini-
tial product state in real space, which, for U/J < +∞,
was not an eigenstate of Hˆ itself. Interestingly, they
found that the dynamics in both the free (U = 0) and the
hard-core (U = +∞) case displays the same expansion
velocity, defined as
v =
d
dt
√
R2(t)−R2(0) (2)
where R2(t) represents the time-dependent variance of
the density distribution:
R2(t) =
a2
N
L/2∑
j=−L/2
nj(t) (j − j0)2 (3)
a and j0 being the lattice spacing and the centre of the
initial wave packet. Moreover, the expansion velocity has
a minimum at an intermediate value of U . By analyzing
a number of different situations, we will show that, in-
dependently from the kind of initial state, there exists a
strong relation between the expansion velocity and the
presence of bound states in the spectrum. In addition,
we discuss a number of quantitative and qualitative fea-
tures about the expansion of initially confined bosons on
a 1D lattice, as well as the role of the lattice during the
expansion, compared to the continuum case.
This article is organized as follows. We derive in Sec.
II the exact solution of the two-bosons problem for the
Hamiltonian (1) on a finite lattice with periodic boundary
conditions. We find scattering and bound-state eigen-
functions, and show that the latter exist for both at-
tractive and repulsive interactions. We then analyze the
effects of bound states in the dynamical evolution of the
system, when the initial state is not an eigenstate of
the Hamiltonian. We consider two cases: i) in Sec. III
the initial state is chosen to be a product state in real
space, in which the two bosons are put in a single or in
two neighbor sites; ii) in Sec. IV we consider an initial
superfluid-like two-particle wave packet, which is non-
factorizable in real space, as it might be experimentally
feasible in a cold-boson setup [33]. We collect some re-
sults about the expansion of a single boson on a lattice in
Sec. V. In Sec. VI we draw our conclusions and comment
on possible developments. Finally in Appendices A and
B we respectively discuss the formulas for the expansion
velocities in the non-interacting case and recall the sce-
nario of the U ↔ −U inversion theorem, as formulated
in Ref. 34.
II. THE TWO-BOSON PROBLEM ON A
LATTICE: EXACT RESULTS
In this and in the following Sections we are going to
consider the Bose-Hubbard Hamiltonian (1) for N = 2
particles. In this case, despite the non-integrability of the
model [35], it is possible to solve the Schro¨dinger equation
exactly, by the Bethe ansatz technique, thanks to the
separation of centre-of-mass and relative coordinates. A
similar analysis was exploited by Valiente and Petrosyan
in [29] in the thermodynamic limit; instead, we work at
finite size L+1, with L even. Moreover, in the rest of the
paper (unless otherwise stated), we will choose ~ = a = 1.
The eigenstates of Hˆ take the form
|φ〉 =
L/2∑
j,k=−L/2
φjkb
†
jb
†
k |0〉 (4)
where the coefficients φjk, symmetric under the exchange
of j and k and properly normalized, satisfy the equations:
J (φj+1,k + φj−1,k + φj,k+1 + φj,k−1) +
− (Uδjk − E)φjk = 0 (5)
We now look for solutions of the Bethe Ansatz form
[36]:
φjk =
[
a12e
i(p1j+p2k) + a21e
i(p1k+p2j)
]
ϑ(j − k) +
+
[
a12e
i(p1k+p2j) + a21e
i(p1j+p2k)
]
ϑ(k − j) (6)
where ϑ() is the Heavyside function with ϑ(0) = 1/2. In
the following, it is useful to write the eigenfunction (6)
as
φjk = e
iPX
(
a12e
ip|x| + a21e−ip|x|
)
(7)
where we have defined the centre-of-mass and relative
coordinates of the two particles by{
X = j+k2
x = j − k (8)
and their corresponding momenta by{
P = p1 + p2
p =
p1−p2
2
(9)
Thus, eq.ns 5 are satisfied if the energy E is given by:
E = −2J (cos p1 + cos p2) = −4J cos P
2
cos p (10)
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FIG. 1: Energy spectrum of Eq. 1 with N = 2, L+ 1 = 101,
J = 1 and U = 5.
while:
y(P, p) ≡ a21
a12
= −U − 4iJ cos
P
2 sin p
U + 4iJ cos P2 sin p
(11)
Notice that y(P, p) has unitary module. By now imposing
periodic boundary conditions (φj,−L2 = φj,L2 +1), we can
fix the values of the momenta P and p, which have to
satisfy the equations:
Pn =
2pin
L+ 1
(12)
(−1)neip(L+1) = y (Pn, p) (13)
with n ∈ {−L/2, · · · , L/2}. Eq. 13 has to be solved nu-
merically. For each value of n, we find L/2 + 1 solutions.
The total number of independent eigenstates is therefore
(L + 1)(L + 2)/2, as required for a two-boson system.
The solutions for the relative momentum p are of two
types: real, leading to scattering eigeinstates, and pure
imaginary, leading to bound eigenstates. We will denote
them with |s〉 and |b〉 respectively, with coefficients φsjk,
φbjk and energies Es and Eb.
As an example, in Fig. 1 we represent the full energy
spectrum for L+1 = 101 and U = 5: the scattering states
form a band, becoming continuous in the thermodynamic
limit; bound states exist even if the potential is repulsive
but their energies lie above the band. It is easily seen
from Eq. (13), that the whole spectrum is inverted by
changing U → −U . Therefore, in the attractive case, the
bound states lie below the scattering ones, as expected.
Let us observe that the energies of the bound states are
shifted by changing U ; in particular, if |U | < 4J , the
bound states close to the boundaries of the Brillouin zone,
have energies lower than the top of the scattering band.
These results fit perfectly with those obtained by Valiente
and Petrosyan with different methods [29].
We can now easily implement the time evolution as
follows: if we choose the system to be, at t = 0, in the
initial state
|ψ0〉 =
L/2∑
j=−L/2
ψ0jkb
†
jb
†
k |0〉 (14)
the evolved state at time t will be given by
|ψ(t)〉 = e−itHˆ(U) |ψ0〉
=
∑
s
Cs0e
−itEs |s〉+
∑
b
Cb0e
−itEb |b〉 (15)
where
C
s/b
0 = 〈s/b| ψ0〉 = 2
L/2∑
j,k=−L/2
(
φ
s/b
jk
)∗
ψ0jk (16)
We are interested in evaluating expectation values of ob-
servables on the evolved state. In particular, we focus on
the density
ρj(t) =
nj(t)
2
= 〈ψ(t)| nˆj
2
|ψ(t)〉 (17)
and on the single and double occupations
sj(t) = 〈ψ(t)| nˆj (2− nˆj) |ψ(t)〉 (18)
dj(t) = 〈ψ(t)| nˆj (nˆj − 1)
2
|ψ(t)〉 (19)
To compute them we need the matrix elements of nˆj and
nˆj
2 between the eigenstates of H, which are given by:
〈α| nˆj |β〉 = 4
L/2∑
k=−L/2
(
φαjk
)∗
φβjk (20)
〈α| nˆ2j |β〉 = 4
(
φαjj
)∗
φβjj + 〈α| nˆj |β〉 (21)
with α, β = s, b.
III. DYNAMICS OF PRODUCT STATES
In this Section, we will consider the time evolution,
according to the Hamiltonian (1), of an initial product
state (in real space) either of the form:
∣∣ψ1PS〉 = 1√
2
(
b†0
)2
|0〉 (22)
corresponding to two bosons on the central site of the
chain, or of the form:∣∣ψ2PS〉 = b†0b†1 |0〉 (23)
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FIG. 2: (Color online) Dynamical profiles of density ρj (first
row), single sj (second row) and double dj occupations (third
row) for an initial product state
∣∣ψ2PS〉 for U = 0, 2, 4 and
30.
corresponding to a state with two bosons on two adjacent
sites. The latter resembles the one of Ref. 7, where prod-
uct states of N bosons on N adjacent sites were consid-
ered. In the following we will consider just non-negative
values of U ∈ [0, 31], since it was proven in Ref. 34 that,
for initial product states and for the observables we are
considering, the dynamics at ±U is specular (see also
Appendix B).
The numerical results refer to a system of total size
L + 1 = 25, evolved up to a final time t = 4 (from now
on, we will measure times in units of ~/J and choose
J = 1). They were obtained using the exact formulas of
Section II.
A.
∣∣ψ2PS〉: two bosons on adjacent sites
In Fig. 2 we show the dynamical profiles of ρj(t), sj(t)
and dj(t) at different values of the interaction. Starting
from
∣∣ψ2PS〉, the behaviour turns out to be quite peculiar:
increasing U , the density profile, displaying a typical free
form for U = 0, changes as a result of the interaction
and then tends to become free again at large U . This is
explained by the fact that, for large U , the bosons tend
to become hard-core [7], i.e., equivalent to free fermions
[35]. This fact is possible just because the initial state is
completely free from double occupations; this will not be
the case for the initial states in the following Sections. A
similar behaviour is visible in the single-occupation pro-
file, while the double-occupation one differs significantly:
in the large-U regime, double occupations are almost ab-
sent, as a sign of the fermionization of the dynamics.
Moreover, one can see that, for intermediate values of
the interaction (e.g. U ' 5), the double occupation of the
central sites are quite stable, significantly vanishing only
at large times. This phenomenon is known as quantum
distillation [5], and was observed for many particle wave
functions, both in the case of spin-1/2 fermions [5, 6] and
of bosons [7].
We analyze now the expansion velocities, as defined
by Eq. 2. Fig. 3(a) shows a contour plot of v(t, U). We
note that: i) the initial velocity v(t = 0) is independent
of U ; ii) as shown also in the inset, for U 6= 0, damped
oscillations of v as a function of t appear, with a period
T (U) that decreases as U increases (we will come back to
this point in the next paragraph; see equation (24)). The
asymptotic expansion velocities for large time at each U ,
that we call v∞(U), can also be estimated, by fitting v(t)
in the range [t∗, 4], with t∗ = 2 (this allows to neglect the
transient oscillatory region), with the formula:
v(t) = v∞(U) +A(U) cos
(
2pit
T (U)
+ φ
)
/tη (24)
The shape of v∞(U) for N = 2 is reported in Fig. 3(d)
and is very similar to the one observed in the many-body
case [7]: v∞(U) approaches the value
√
2 in the two limit
cases U = 0, +∞ (see Appendix A) and displaying a
minimum for an intermediate value U ' 2. The large-U
behaviour of v∞(U) has been studied, in the many-body
case, in a recent work [37]: the authors were able to
show that, for the current initial state and in the strong-
repulsive regime, v∞(U) ∼
√
2 + a/U2, were a is a con-
stant. We check this prediction by our numerical data:
the result is shown in Fig. 3(d). The agreement between
numerics and the analytical prediction is excellent.
The period T (U) and the amplitude A(U) of the
damped oscillations of v(t) display a clean power-law be-
haviour for large-enough U (see Figs. 3(b) and (c)). In
particular, T (U ≥ 5) decays with an exponent that is
very close to 1 (see the caption of Fig. 3).
We can understand the behaviour of the asymptotic
velocity by considering the role of bound states during
the evolution. Let us consider the (time-independent)
projection of the wave functions on the subspace spanned
by the bound states:
P b(t) =
∑
b
|〈b| ψ(t)〉|2 ≡ P b(0) =
∑
b
∣∣Cb0∣∣2 (25)
In panel (e) of Fig. 3 we plot P b as a function of U .
A comparison with the panel (d) shows that the larger
the projection P b, the smaller the rate of expansion of
the wave packet is: if the projection of the wave func-
tion over the bound states is small, then the evolution
is free-like, and the expansion is fast; otherwise, when
the initial state has a a large projection on bound states,
the expansion velocity decreases (as shown in Fig. 3(e),
for large U , P b(U) is well approximated by a power law:
see the caption of Fig. 3). Despite the qualitative agree-
ment between the shapes of v∞ and P b as functions of
U , there is a quantitative displacement in the positions
of the maximum of P b with respect to the minimum of
v∞: this effect can be partially explained by the difficulty
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FIG. 3: (Color online) Features of the expansion velocity for an initial state
∣∣ψ2PS〉. Panel (a): expansion velocity v(t, U) for
U ∈ [0, 31]; inset: v(t) for U = 5 and U = 15. Panels (b) and (c): large-U dependence of T (U) and A(U), as obtained by fitting
v(t, U) according to Eq. 24 (black dots: numerical data; red line: best fit, according to the formula T (U)/A(U) = a0/U
a1 ,
giving a0 ' 6.41, a1 ' 1.01 for T (U) and a0 ' 1.91, a1 ' 1.31 for A(U)). Panel (d): asymptotic expansion velocity v∞(U)
(black dots: numerical data; red line: best fit according to the formula v∞(U) ∼
√
2 + a/U2, giving a ' −3.80). Panel (e):
projection P b(U) of the evolved state on the bound states of (1) (black dots: numerical data; red line: best fit according to
the power law P b(U) = a0/U
a1 , giving a0 ' 1.33, a1 ' 1.52).
of extracting the true value of v∞ in the small-U regime
from the numerical data (on the contrary, P b is, in any
case, an exact quantity).
In conclusion, we have shown that bound states play a
key role for the expansion dynamics of the system. We
further strengthen this interpretation by considering dif-
ferent cases in the following sections.
B.
∣∣ψ1PS〉: two bosons on the same site
We now analyze the dynamics for an initial product
state
∣∣ψ1PS〉 in which two bosons are confined on the same
site. We remark that the expansion of a generalization of
this state, i.e., a Mott-insulator like state with double oc-
cupancy, was studied in Ref. 38. The dynamical profiles
of the density, single and double occupations are shown
in Fig. 4. Again, for small U the expansion is free-like,
but a free regime is no longer approached at U = +∞.
This feature is explained theoretically by the fact that
the mapping from hard-core bosons to free fermions can
be applied only if the double occupations are (almost)
absent in the initial state, a condition which is clearly
not true for
∣∣ψ1PS〉 [7]. The evolution of the double oc-
cupations for this initial state is stable also for large U
while the single occupations, zero at t = 0, are finite only
in the small U regime. Here we notice that the role of
double and single occupations is reversed compared to
the
∣∣ψ2PS〉 case.
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FIG. 4: (Color online) Dynamical profiles of density ρj (first
row), single sj (second row) and double dj occupations (third
row) for an initial product state
∣∣ψ1PS〉 for U = 0, 2, 5 and
30.
In Fig. 5(a) we show the contour plot of v(t, U). As in
the previous case, v(t = 0) is independent from U and, at
a given U , oscillations of v as a function of t are present,
with decreasing period as U increases. We notice that
now, at large U and early times, the velocity period-
ically assumes negative values, signaling a ”breathing”
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FIG. 5: (Color online) Features of the expansion velocity for an initial state
∣∣ψ1PS〉. Panel (a): expansion velocity v(t, U)
for U ∈ [0, 31]; inset: v(t) for U = 5 and U = 15. Panel (b): asymptotic expansion velocity v∞(U) (black dots: numerical
data; red line: best fit according to the formula v∞(U) ∼ a0/Ua1 , giving a0 ' 3.84, a1 ' 0.97). Panel (c): projection P b(U)
of the evolved state on the bound states of (1) (black dots: numerical data; red line: best fit according to the power law
P b(U) = 1 + a/U2, giving a ' −3.67).
behaviour of the wave packet at these times. We then
study the asymptotic velocity v∞(U), by fitting v(t, U)
in the interval t ∈ [t∗, 4], with t∗ = 3, just with a con-
stant, since oscillation are highly suppressed. The results
are plotted in Fig. 5(b): we see that v, as a function of U ,
presents a monotonically decreasing behaviour for all the
considered values of the interaction. Moreover, in this
case, the large-U values of v are well fitted by a power
law v(U) ∼ a0/Ua1 , with a1 ' 1 (see the caption of Fig.
5).
Even in this case, an explanation of the shape of v(U)
in terms of the projection over the bound states can be
given; P b as a function of U is shown in Fig. 5(c). Large
velocity and free expansion correspond to a small projec-
tion of the wave function on the bound states, and vicev-
ersa, illustrating the importance of the bound states even
in this situation. Moreover, for large U , the projection
on the bound states is shown to saturate to 1 as 1+1/U2
(see Fig. 5(c) and its caption).
IV. DYNAMICS OF ENTANGLED STATES
In this section, we consider a different kind of initial
states, that we call entangled, since they do not result
from a direct product in real space, but from the ground
state of a non-interacting Bose-Hubbard Hamiltonian in
an open box of length l; in the two-particle sector this
yields: ∣∣ψlES〉 = 1√
2
(
b˜†1
)2
|0〉 (26)
where, b˜†1 represents the operator creating a particle of
minimum momentum (see, e.g., Ref. 39). For this state,
s0j and d
0
j are simultaneously non-zero. Initial states dif-
ferent from products in real space were also considered
in Ref. 40. Our results were obtained using the exact
methods of Secs. II.
We first studied the evolution of the entangled state
with a non-interacting Hamiltonian. As in the product
cases of Sec. III, the free evolution separates into two
beams: in Sec. V we will show that this effect is due to
the lattice structure, and disappears when the size of the
initial wave packet is much larger than the lattice spac-
ing. The time dependence of v in the non-interacting case
is trivial too, v(t) being a constant. We notice that in
the l = 2 case the expansion velocity is, as shown in Fig.
6, exactly the one of a product state of two neighbour
particles, i.e.,
√
2. Instead, increasing l, the expansion
velocity decreases; its l-dependence, for 11 ≤ l ≤ 31 and
L + 1 = 51, is also shown in Fig. 6. As stated in the
caption, the dependence on l is compatible with a power
law ∼ l−1, which is the behaviour one would have in the
continuum case for a Gaussian wave packet (see Eq. 28),
where v ∼ σ−1.
We then analyze the situations with U 6= 0. Now, the
initial state does no longer satisfies the conditions for the
validity of the U ↔ −U theorem (see Appendix B), so
we have to perform different calculations for positive and
negative U . The profiles of density and single and double
occupations are depicted in Fig. 7 for l = 2 and some
significant values of U ∈ [−31, 31] (the profiles for l = 3,
4 display just quantitative differences).
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FIG. 6: (Color online) Expansion velocity of an entangled
wave packet in the non-interacting case as a function of the
initial confinement length 11 ≤ l ≤ 31, with a total system
size L+ 1 = 51. The black dots are the numerical data, while
the red solid line is the best fit for large l, performed with the
formula y = a0/x
a1 , resulting in a0 ' 4.37, a1 ' 0.91. The
plot is in log-log scale.
For all the considered values of l, the profiles at large-
positive and large-negative U are very similar to each
other, while some differences are encountered at smaller
|U |’s: for small negative U ’s, the behaviour is similar to
the large |U |’s ones, while for small positive U ’s it is more
similar to the free ones. As we shall see, these facts are
explained, even in this case, by considering the projection
of the wave function on the bound states, P b(U) (Eq.
25). Moreover, in the l = 2 case (but not in the others),
v(t = 0) is seen to be independent of U and equal to
√
2,
in analogy with the product-state cases.
We then compute the expansion velocities, and we plot
them as functions of t and U , in Fig. 8. The v(t, U)’s
for the three considered values of l are quite similar to
each other: in any case, v oscillates in a damped way as a
function of t, even if the amplitude decreases as l grows,
marking the fact that, for large l, the bosons are diluted
enough to propagate in a nearly free way.
The analysis performed in order to extract v∞(U) at
large times is quite different from the product cases. In
particular, for l = 2 and 3 we choose t∗ = 2, while, for
l = 4, we choose t∗ = 3; moreover, for l = 2 and for
negative U ’s of the l = 3 case the fit of v(t) is per-
formed by the 9-parameters formula v(t) = v∞(U) +
A1 cos
(
2pit
T1
+ φ1
)
/tη1 +A2 cos
(
2pit
T2
+ φ2
)
/tη2 , while for
l = 4 and the positive U ’s of the l = 3 the oscillations are
so damped that a fit by means of a constant is enough.
Following this procedure, we are able to extract reliable
values for v∞(U), but not for the remaining fit param-
eters. In the first row of Fig. 9 we report v∞(U) for
l = 2, 3 and 4.
The three shapes display some common features: in all
cases, an absolute maximum and an absolute minimum
are present; moreover, before the minimum and after the
maximum v∞(U) is monotonic, tending, for U → ±∞,
to definite asymptotic values. We estimate them using
a simple power law v∞(U) ∼ a + b/U , as shown in the
insets of Fig. 9. Very remarkably, the asymptotic val-
ues at ±∞ are the same in any case; in particular, for
l = 2, they are very close to 1: this fact can be easily
understood by looking at the occupation profiles in Fig.
7, showing that both for negative and positive U the evo-
lution is dominated by the coherent propagtion of double
occupations. Another interesting aspect of such curves is
the fact that the asymptotic value of v∞ is closer to the
value of the maximum as l is increased, reflecting the fact
that the initial wave packet is more dilute with increasing
l. Moreover, the l = 2 curve displays a second maximum
at U = 0, and the corresponding value is v(0) =
√
2, as
previously remarked.
We then compute the quantity P b(U), defined in Eq.
(25) as the projection of the wave function on the bound
states. In the second row of Fig. 9 we plot this quantity
vs U : in analogy with the product case, larger velocities
correspond to smaller P b’s, and viceversa, and a direct
correspondence between velocities and projection on the
bound states is established. One of the most remarkable
features of these plots is, as shown in the inset (a) of the
left panel of the second row of Fig. 9, the small positive
U ’s behaviour for l = 2: while v∞(U) displays, in this
regime, a two-maxima shape, P b(U) possesses, in corre-
spondence, two minima: this fact is a strong evidence
to the correctness of our interpretation. However, in the
same region, P b is not able to capture the quantitative
details of v∞(U), such as, for instance, the precise posi-
tion of the two maxima in the l = 2 case: this can be
partially explained, as for the
∣∣ψ2PS〉 case, by the diffi-
culty of extracting reliable values of v∞ in the small-U
regime. Finally, we extrapolate the asymptotic values of
P b, that are seen to coincide for U → ±∞. In particular,
for l = 2, P b(±∞) is very close to 1/2. Increasing l, this
value is seen to decrease, reflecting the less dense nature
of the initial wave packet.
V. EFFECT OF THE LATTICE ON THE
EXPANSION DYNAMICS
As already emphasized, one of the most remarkable as-
pects related to the expansion of quantum matter on a
lattice is the appearance of two quasi-coherent beams, de-
parting from the centre of the initial wave packet. This
effect is at odd with what happens in the continuum,
where a Gaussian wave-packet remains Gaussian if the
evolution is free, with a spread σ(t) growing with time
(see, e.g., Ref. 9). Such beams have been observed, apart
from the present work, theoretically and experimentally,
both for bosons [7, 8, 40] and for fermions [40, 41], and
seem to be absent in the continuum case [34]. The ef-
fects of the discreteness have already been stressed by
Rigol and collaborators [8], who argued that the most
populated states in the diffusion process are at a well-
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FIG. 8: (Color online) Expansion velocity v(t, U) for an initial
entangled state
∣∣ψ2ES〉 and U ∈ [−31, 31]; inset: v(t) for U =
±10.
defined value of the momentum p0, depending on the
mean value of the energy 〈H〉 (with p0 = ±pi/2 when
〈H〉 = 0). This argument supports the fact that the two-
beam effect scarsely depends on the choice of the initial
state.
Let us briefly recall the situation in the continuum
case, where the spatial coordinate x ∈ R [9]. If we start
with a Gaussian wave packet of standard deviation σ, the
particle density has a Gaussian shape at any time t,
ρ(x, t) =
1
σ(t)
√
pi
e
− x
2
σ2(t) (27)
with a time-dependent variance:
σ2(t) = σ2 +
(
~t
mσ
)2
(28)
as shown in Fig. 10(a) for σ = 0.1 (we put m = ~ =
1, space is measured in units of σ and time in units of
mσ2/~ = σ2).
On an infinite lattice, the single particle Hamiltonian
is
Hˆ = − ~
2
2ma2
∑
j∈Z
(
b†jbj+1 + b
†
j+1bj
)
(29)
where the constant in front is chosen to ensure the cor-
rect continuum limit (see below). Its orthonormalized
eigenstates and eigenenergies are given respectively by:
|p〉 =
√
a
2pi
∑
j∈Z
eipja b†j |0〉 (30)
E(p) = − ~
2
ma2
cos(pa) (31)
As in the continuum, we choose an initial state with a
normalized Gaussian profile:
|ψ(0)〉 = Aσ,a
∑
j∈Z
e−
j2a2
2σ2 b†j |0〉 (32)
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FIG. 10: (Color online) Expansion of a Gaussian wave packet with σ = 0.1 in the continuum (a) and in the lattice, with lattice
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with Aσ,a =
[
θ3
(
0, e−
a2
σ2
)]−1/2
, θ3(z, q) being the third
elliptic theta function [42]. Straightforward calculations
yield:
|ψ(t)〉 =
∑
j∈Z
ψj(t) b
†
j |0〉 (33)
with
ψj(t) =
∫ pi
−pi dpθ3
(
−p2 , e−
a2
2σ2
)
ei
~t
ma2
cos peijp
2pi
√
θ3
(
0, e−
a2
σ2
) (34)
The dynamical profile of the density can then be com-
puted from nj(t) = |ψj(t)|2 /a, where the lattice spac-
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ing has been put in the denominator in order to recover
the correct dimension, for the comparison with the con-
tinuum case. The numerical results are shown in Fig.
10(b)-(e) for σ = 0.1 and decreasing values of a. For
large a the presence of the two beams, departing from
the centre of the initial wave packet, is manifest. More-
over, it is evident that, decreasing the value of the lattice
spacing at fixed σ, the profile density becomes similar to
that in the continuum. This is confirmed quantitatively
by comparing the values of the densities in the continuum
and for a = 0.1σ (the difference being 10−3 or less). We
have therefore shown that the two matter beams, already
present in the single-particle case, are a consequence of
the presence of the lattice.
VI. CONCLUSIONS AND OUTLOOKS
The present paper deals with the dynamical effects of
bosonic pairs in a 1D lattice, which may be coupled in
bound states by short range interactions, both in the at-
tractive and repulsive case. In the latter situation, the
bound states (at most one for each value of the centre-
of-mass momentum) originate from the discrete structure
of the linear-combination-of-atomic-orbitals lattice, and
the resulting energy levels lie above the band of the scat-
tering states. The two-particles case exploited here can
be approached exactly, by means of the Bethe ansatz.
This makes it possible to identify the bound states ef-
fects unambiguosly, by studying how the two-particles
state evolves in time, depending on its initial projection
on the bound states themselves. In particular, we have
studied the single, double and total occupation proba-
bility of the evolving state, and the resulting expansion
velocity, for two classes of initial conditions: a) product
states, corresponding to bosons with well defined initial
positions in real space, and b) entangled states, corre-
sponding to the ground states of a non interacting Bose-
Hubbard Hamiltonian, in an open box of size l. In the
case a), a symmetry argument (not appliable to the case
b)) ensures the invariance of the results for attractive and
repulsive interactions. In general, the results fit well with
physical intuition: the larger the initial projection on the
bound states, the larger the double occupation probabil-
ity, and the smaller the expansion velocity. In addition, a
number of quantitative behaviours were found, especially
in the large-|U | cases. This provides a quantitative sup-
port to the importance of the bound pair states, a point
that might escape one’s attention, or even look unphys-
ical in the repulsive case. Moreover, we discussed the
role of the lattice in the shape of the evolved wave func-
tion, showing that it is the responsible of the separation
of the evolved packet in two wave fronts propagating in
opposite directions.
Remarkably, for the
∣∣ψ2PS〉 initial wave packet, that
was already considered in a previous work both exper-
imentally and theoretically [7], we found that the two-
body case displays several qualitative and quantitative
analogies with the many-body one, meaning that the
main features of the expansion are present already in
the few-body situation [10]. It is therefore quite likely
that the effects we studied are relevant in the many-
particles case too and can be identified by suitable pro-
jection methods. This aspect is, indeed, the next de-
velopment we plan for future researches, in addition to
the extension to different kind of initial states [40], in-
teracting Fermi systems [34, 37] and the consideration
of equilibration/thermalization issues [28]. We therefore
believe that our study can open the way to a number of
further investigations about the role of bound states in
the dynamics of many-body systems.
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Appendix A: Expansion velocities for product states
in the non-interacting case
In this Appendix, we show explicitly that, in the non-
interacting case, the expansion velocity, as defined by Eq.
2, must be given by [7]
v =
√
2Ja
~
(A1)
We will set, in the following, ~ = a = J = 1.
Since we are in the non-interacting case, we can just
consider one-particle wave packets that we assume to
have initially the generic form∣∣ψ0〉 = 1√
L+ 1
∑
p
cp b˜
†
p |0〉 (A2)
being b˜†p the Fourier transform of b
†
j . The density profile
nj(t) can be written as a Fourier transform, in the L →
∞ limit:
nj(t) =
1
2pi
∫ pi
−pi
dqe−iqjfq(t) (A3)
where
fq(t) =
1
2pi
∫ pi
−pi
dp c∗pcp+q e
i[(p+q)−(p)]tfp(t) (A4)
(p) being the one-particle energies.
Let the initial wave packet be centered around the cen-
tral site j = 0. Then, as in standard probability theory,
the second momentum of the occupation distribution,
i.e., R2(t) (see (3)), can be computed from the gener-
ating function fq(t) = f(q, t) by the relation
R2(t) = −∂
2f(q, t)
∂q2
(A5)
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When we take the initial state corresponding to one par-
ticle in the central site j = 0, i.e. cp = 1, it is easy to see
that
R2(t) = 2J2t2 (A6)
implying Eq. (A1), as a consequence of the definition
(2).
Appendix B: U ↔ −U inversion theorem
In this Appendix, we state the theorem, first proven in
Ref. 34 (see also Refs. [43, 44]), ensuring the invariance
of the dynamical expectation values of certain operators
for a Hubbard-like Hamiltonian and a proper initial wave
packet. We then prove that entangled states, as defined
in Sec. IV, do not satisfy the hypothesis of the theorem.
Before stating it, we have to define the time-reversal
operator Rˆt as
Rˆte
−itHˆRˆ†t = e
itHˆ (B1)
and the pi-boost operator Bˆpi as
BˆpibjBˆpi = e
ipijbj (B2)
The theorem then states that if an observable quantity Oˆ
is invariant under the actions of the above defined oper-
ators, and the state at the initial time of evolution
∣∣ψ0〉
is time-reversal invariant and just acquires a phase under
the action of Bˆpi, then 〈ψ(t)| Oˆ |ψ(t)〉 is the same if the
time evolution is ruled by a Bose-Hubbard Hamiltonian
with ±U . The proof was carried out for the fermionic
Hubbard Hamiltonian, but it can be trivially extended
to the bosonic case.
It was proven in Ref. 34 that the product states we
consider in Sec. III satisfy the hypothesis of the theorem;
on the contrary, the entangled states of Sec. IV do not.
Indeed,
Bˆpi
∣∣ψ0〉 = Bˆpi 1√
2
(
b˜†1
)2
|0〉 =
=
1√
2
√ 2
l + 1
l∑
j=1
sin (p1j) Bˆpib
†
jBˆpi
2 |0〉 =
=
1√
2
√ 2
l + 1
l∑
j=1
(−1)j sin (p1j) b†j
2 |0〉(B3)
that manifestly does not differ from
∣∣ψ0〉 just by a phase
factor. Therefore, in the entangled case, we must also
consider negative U ’s.
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